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Abstract: Developed was the mathematical model and the algorithm of each layer calculation for the regeneration process of the 

Na-cation exchanger. Developed was the package of computer programs allowing:  to get the dependence of working exchange capacity on 
the specific discharge of the reagent;  to get the distribution of trapped ions along the layer (height) of the exchanger’s charge;  to get the 
distribution of the removed ions of hardness in portions of the regenerant solution;   to calculate optimal operating parameters for  cation 
exchanger installations work.  

Proposed is the package of programs  that can be used in designing new or reconstructing the existing cation exchanger installations 
and in investigating the process of exchangers regeneration as well as in an educational process in higher education institutions. 
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1. Introduction 
 

For increasing the effectiveness of existing cation exchanger 
installations and for designing new ones it is necessary to solve the 
tasks of optimization which allow to get water of necessary quality 
at minimal  economic expenses. The development of the technology 
for regeneration of Na-cation exchangers requires the creation of 
the mathematical model for the process corresponding with reality. 
This allows to make any necessary research in virtual reality with 
minimal material expenses.      
In order to find the dependence between the reagent discharge and 
the change capacity of the ion exchanger and to decide the 
optimization task of the cation exchanger installation work for 
water softening it is necessary to find the calculated output curve   
of the regeneration process by calculation. For this: 
1. the orthographic epure of the  distribution of sorbitized ions along 
the height of the ion exchanger layer was got after being fluidizied. 
2 the nature of the diagram of the concentration change of the 
regenerant solution flowing directly into the exchanger charge 
during regeneration and washing considering the existence of  water 
cushion was defined. 
3. the effective coefficient of inter diffusion of natrium-ion and 
calcium for finding the height of the calculated layer was 
determined. 
4. the seemed coefficients of ion exchange allowing to get the 
results quite closely coinciding with the experiments by using each 
layer calculation of the regeneration process was determined.  

 
2. General  

 
The receiving of the curve for the distribution of the trapped ions 
along the height of the charge is possible only after sampling from 
any depth without breaking the location of an ion exchanger layer. 
The use of the existing  devices for taking samples for loose 
materials causes the replacement of ion exchanger layers location 
and doesn’t guarantee the sampling from the required depth. 
Besides, the straitened conditions inside the ion exchanger make 
difficult to use bulky devices and a special handle hole device on 
the top of the exchanger requires large material expenses and causes 
the fault of anticorrosive defense of the exchanger.  Therefore, 
developed was the device for sampling with hydro washing 
allowing to work in straitened conditions and to take samples from 
the required depth without breaking the location of the ion exchange 
layers.[1]. The sampling was done from the  industrial exchanger  
with the diameter of 3,0 m and with the charge height of 2,0 m 
equipped with a standard  drainage. The researched Na –cation 
exchangers were charged with sulpho coal CM-1.The analysis of 
the received data showed that after the stage of fluidization the 
redistribution of the ion exchanger layers takes place. And 
sorbitized ions of hardness are even distributed along the height of 
the exchanger charge.  The averaged value of quantity of ions of 

hardness on the charge under probability of 0,95 that corresponds to 
double mean square deviation [2] makes up 486 ± 28. Thus, a 
possible mistake in determining the averaged value of the sorbitized 
ions of hardness quantity on the charge of  the ion exchanger 
doesn’t exceed 6%. 
The nature of the concentration change in regenerant solution 
flowing into the ion exchanger layer depends on the capacity of the 
water cushion above the exchanger charge and the supply speed of 
the solution. The researches, the results of which are given below 
(fig. 1), showed that the calculation of the dilution described by the 
law of ideal mixing [3,4] doesn’t correspond to the real change in 
the concentration of the solution flowing into the ion exchanger 
layer. That’s why it is expedient for the concentration change to 
examine the combined model . According to this model  the volume 
participating in the ideal mixing is changed simultaneously with the 
ideal mixing. The part of water cushion volume participates in the 
mixing. Discussing in analogous way, for the beginning of the  
process both of the regeneration and washing, the dependency of 
the change of the concentration solutions flowing into the layer of 
the ion exchanger will take the following form:   
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where, Cp- concentration of regenerant solution, gr/m3;   C  - 
concentration of salts in the water cushion after averaging, gr/m3; 
CB  - concentration of salts in the water cushion, gr/m3; W  - the 
volume participating in mixing, m3; HBn- the height of the layer of 
the water cushion, m; m-a part of the water cushion participating in 
ideal mixing; v- the speed of the solution movement above ion 
exchanger; m/h;  α- a part of regenerant solution participating in the 
process of mixing; t – time, hour.  
The data received allows to determine the value of the coefficient 
m= 0,45  in the equation (1) according to the method proposed by 
V.V. Kafarov [5] , by the graphic. Just by analogous way 
determined was the volume of the coefficient m= 0,6  in the 
equation (2). The fraction of water cushion capacity participating in 
ideal mixing depends on the speed of coming liquid. Just this is 
accounted by different values of the coefficient m. On the base of 
the data got on the industrial Na-cation exchanger received was the 
most possible value of the coefficient α= 0,45 in the equation (1) 
and (2). The coefficient accounts the fraction coming into the 
exchanger of the solution participating in ideal mixing. The height 
of the water cushion layer above the charge was 1,5 m. Regenerant 
solution was supplied into the exchanger with the discharge of 14 
m3/h, and  the washing out water with the discharge of 28 m3/h. 
Ion change in concentrated solutions i.e. regenerant solutions of Na-
cation exchangers is not always described by Nikolski equation [3]. 

(2) 

(1) 
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In this connection it is necessary to define the seemed coefficient of 
ion change which corresponds to the regeneration conditions and 
allows to describe ion change according to isotherm equation. In 
each layer method for the calculation of regeneration process under 
other equal conditions there are two physical quantities-an effective 
coefficient of inter diffusion and seemed coefficient of ion change 
the values of which influence the form of output curves and 
correspondingly the exchange capacity of the cation exchanger. In 
this work the approach was accepted under which the seemed 
coefficient of ion change was searched by calculation to satisfy 
coincidence condition of experimentally definite working capacity 
with the calculated one. The effective coefficient of inter diffusion 
determines the length of the single layer which corresponds to 
reached equilibrium of the ion exchange. The effective coefficient 
was found experimentally by limited volume method and it made up 
for sulphocoal 3,15·10-6 and for Ky 2,9·10-7 sm2/sec  during the 
substitution of ions natrium-calcium. 
 Having eliminated from the description of the regeneration process 
the mass transfer equation  and having considered the balance 
equation and isotherm equation, noting that H0=Δx ּ◌M, and  Φ 
=n ּ◌Δф , the following system will be got [3] : 
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n- the number of solution portions; A- cation exchanger 
concentration in the solution; En- complete exchange volume of the 
cation exchanger;  (am,n-1-am,n) - the change of concentration of ions 
of hardness in the cation exchanger layer;   (Cm,n-Cm,n-1) - the 
change of concentration of ions of hardness in the portion of 
regenerant solution  Δm=f ּ◌Δx;   Δф=f ּ◌Δx ּ◌ρ;   Δx- the height of 
the calculated layer of the cation exchanger;  m- the volume of the 
swelled ion exchanger; Φ- the volume of the solution; f- square of a 
cross section of the exchanger; ρ- porosity of the charge; M – the 
quantity of layers. 
Having  denoted x=am,n; y=Cm,n; a=am,n-1; b=Cm-1,n,, after some 
conversions, the system of equations (3) is reduced to equation with 
one unknown quantity. 
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The cubic equation received is solved according to Cardano 
formula. The calculation of regeneration process by layer method is 
considered for steady state of the Na- cation exchangers work which 
soften water of definite content. In this case there will be the same 
quantity of sorbitized ions of hardness on the charge of the 
exchanger before each regeneration. The quantity of sorbitized ions 
of hardness with the account of averaging can be calculated 
according to the previously considered procedure. This allows to 
avoid the consideration of the first cycles of softening and 
regeneration, beginning from completely regenerated cation 
exchanger. 
For calculating the regeneration process by layer method and for 
finding the seemed coefficient of ion exchanger  the program on 
C++ language was worked out.  
The calculation of sulphocoal regeneration by natrium sulphate 
solution and sodium salt was made by layer method. The received 
theoretical output curves with quite accurate for practice agree with 
the experimental data got on industrial Na-cation exchangers with a 

diameter of 3,0m and the height of the charge of 2,0 m (fig. 2,3). 
The change of the curvature on the descending branches of 
diagrams corresponds to the beginning of the exchanger washing. 
Besides, the program allows to get the distribution of ions of 
hardness both according to the layers of cation exchanger and 
accoding to the portions of regenerant solution. (fig.4)  Having 
changed a little the calculation program for the regeneration process 
with the account of found seemed coefficients of ion exchange , for 
the given concentration defined was the dependency of exchange 
capacity of the cation exchanger from the specific discharge of a 
reagent, which can be used for the optimization of Na-cation 
installations work.  
By the optimization criterion of the Na-cation exchanger work, the 
present value of 1 m3  of softened water was chosen. Operating 
costs of 1 m3 of softened water are added from specific costs which 
include components series: the cost of reagents; the cost of electric 
power; the cost of auxiliary water;  amortization charges 
proportional to capital costs. Capital costs for one 1 m3   of softened 
water are summed up from specific costs: for the charge; for 
equipment and for the equipment mounting. After transformation 
the formula of optimization criterion will finely be the following: 

 

 
Fig. 1  Changes of the regenerant solution concentration 

flowing into the ion exchanger layer during the full cycle of 
regeneration and washing off: 1 – calculated according to the 
equation 1; 2 – calculated according to the equation of ideal 
mixing; 3 -  calculated according to the equation 2.  
 

 
 
Fig. 2 Calculated output curves and experimental points 

during the regeneration of the sulphocoal by natrium 
sulphate  
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Fig. 3 Calculated output curves and experimental points 

during the regeneration of the sulphocoal by table salt 
solutions  
 

 
    

 
where, q- specific discharge of the reagent gr-equ/gr-equ; h0- 
trapped hardness , gr-equ/m3; M1- equivalent mass of the reagent, 
gr/gr-equ; C1- reagent cost US dollar for a ton; P- the pressure loss 
of the layer of the charge,  Pa; C2- the cost of 1 kw-hour of electric 
power, US dollar;  Qspecif. - specific water discharge for washing, 
m3/m3; Cr - concentration of regenerant solution gr-equ/m3; Eр - 
working exchange capacity , gr-equ/m3; C3- the cost of 1 m3   of 
auxiliary water, US dollar; γo - weight volume of the charge , kg/m3; 
C4 - the cost of 1 t of the charge , US dollar; C5 - the cost of a single 
equipment, US dollar; H0- the height of the layer of the charge, m;  
fst - the square of a standard exchanger, m2; treg -exchanger 
regeneration time, hour; V- speed of softened water, m/s. 
In the optimization program, in the first variant the values of the 
exchange capacity which were received  from the mass of the each 
layer calculation of the regeneration process were used, in the 
second variant the values received from the calculation method of 
the exchange capacity of the cation exchanger were used (3.). As 
we get the data from the each layer calculation in a discrete form, 
for convenient comparison the data got from the calculation method 
of the exchange capacity  were also presented in a discrete form. 
Optimization of Na-cation exchanger work was solved numerically 
on PC by using standard libraries.   . 
The received data show (fig. 5) that the tendency of the efficiency 
function’s behaviour in both variants is the same. Minimal values of 
the efficiency function create the field with the same values which 
are italicized with one colour. It seems right to use in the program 
any of two methods for defining the working exchange capacity of 
the cation exchanger. According to the first variant the division 
increase of the mass of the exchange capacity values into much 
smaller cells causes the increase of calculation time. According to 
the second variant the receiving of the exchange capacity values 
from the calculation method of the exchange capacity of the cation 
exchanger allows to use functional dependency between specific 
charge of the reagent and the working exchange capacity of the 
cation exchanger. Besides, the use of other optimization methods 
allows to get single values of the optimization parameters which 
correspond to extreme values of the efficiency function [6]. The 
calculation time practically doesn’t change. The results of the 
optimization are given in Fig. 6. 

 

 
 
Fig. 4. Distribution of hardness ions in layers of ion-

exchange filter (a) and in portions of the regeneration 
solution (b) 

 
Fig. 5.   Three-dimensional graph of the efficiency function.  
 

 
Fig.6. Total optimization results 
 
 
 
 
 
 
 

Concentration 
of regenerant 
solution gr-
equ/m3 (%) 

Specific 
charge of 

the reagent 
gr-equ/gr-

equ. 

Speed of 
soft water 
passing, 

m/hour, 

Given cost, 
US dollars 

1var. 2 var. 

142,0   (1,0) 
211,5   (1,5) 
282,0   (2,0) 
423,0   (3,0) 
564,0   (4,0) 

0,29- 0,79 
0,22- 0,72 
0,29- 1,08 
0,36- 1,73 
0,43- 1,58 

1,25- 10,18 
1,25- 8,4 
1,25- 5,72 
1,25- 4,82 
1,25- 6,61 

0,013 
0,012 
0,016 
0,017 
0,018 

0,018 
0,016 
0,017 
0,022 
0,025 

(4) 

(a) 

(b) 
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3. Conclusion 
 

Developed was the mathematical model and the algorithm of each 
layer calculation for the regeneration process of the Na-cation 
exchanger. Developed was the package of computer programs  
allowing: 
- to get the dependence of working exchange capacity on the 
specific discharge of the reagent; 
- to get the distribution of trapped ions along the layer (height) of 
the exchanger’s charge; 
- to get the distribution of the removed ions of hardness in portions 
of the regenerant solution; 
-  to calculate optimal operating parameters for  cation exchanger 
installations work.. 
All these data can be got under any changes of input parameters of 
the cation exchanger The proposed package of programs can be 
used in designing new or reconstructing the existing cation 
exchanger installations and in researching the process of exchangers 
regeneration as well as in an educational process in higher 
educational establishments. 
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